The recent work of Delabaere and Trinh (2000 J. Phys. A 33 8771) discovered the existence of PT -symmetry breaking, complex energy, L 2 solutions for the one dimensional Hamiltonian, P 2 + iX 3 + iαX, in the asymptotic limit, α → −∞. Their asymptotic analysis produced questionable results for moderate values of α. We can easily confirm the existence of PT -symmetry breaking solutions, by explicitly computing the low lying states, for |α| < O(10). Our analysis makes use of the Multiscale Reference Function (MRF) approach, developed by Tymczak et al (1998 Phys. Rev. Lett. 80 3678; Phys. Rev. A 58, 2708. The MRF results can be validated by comparing them with the converging eigenenergy bounds generated through the Eigenvalue Moment Method, as recently argued by Handy (2001a,b). Given the reliability of the MRF analysis, its fast numerical implementation, high accuracy, and theoretical simplicity, the present formalism defines an effective and efficient procedure for analyzing many related problems that have appeared in the recent literature.
I. INTRODUCTION
There has been much interest, recently, in understanding the symmetry breaking mechanism for PT invariant Hamiltonians of the type P 2 + J j=0 C J (iX) j . The mathematical interest in these systems originated from a conjecture by D. Bessis, and WKB analysis confirmation by Bender and Boettcher (1998) , that the class of potentials of the form V (x) = (iX) n only allow for PT -invariant solutions, and thus can only have real discrete spectra. The recent literature testifies to the great interest in these problems, as can be found in the cited references by Bender et al (2001) , and Mezincescu (2000 Mezincescu ( , 2001 ).
An important work establishing that PT -symmetry breaking systems do exist was the recent study by Delabaere and Trinh (2000) which used asymptotic methods to analyze the Hamiltonian H α ≡ P 2 + iX 3 + iαX. Their analysis showed the existence of symmetry breaking solutions for large α values; however, for moderate values, their results were near the limits of their analytical validity. Despite this, they made certain questionable predictions for moderate α values.
Our immediate objective is to check the validity of the Delabaere and Trinh study, by explicitly computing the low-lying complex (and real) eigenenergies for moderate α values.
We do this in two ways. The first makes use of the very efficient Multiscale Reference Function (MRF) formalism of Tymczak et al (1998a,b) . The results of this eigenenergy estimation analysis are then confirmed through application of a recently developed eigenenergy bounding theory proposed by Handy (2001a,b) , which can generate converging bounds to the complex eigenenergies. This bounding approach, referred to as the Eigenvalue Moment Method (EMM), is exact, although numerically slower in its implementation than the MRF procedure.
As a footnote to the above, we emphasize that the EMM theory generates an infinite hierarchy of closed, finite dimensional, algebraic, eigenenergy constraints. These are then solved, numerically. In this regard, the EMM procedure is very different from other numerical schemes, such as numerical integration, which are intrinsically of an approximating nature, and cannot provide any fundamental theoretical insight into the underlying physical processes. The algebraic constraints generated through the EMM formalism can provide such insight; although such analysis have not been attempted, heretofore. However, for the immediate purposes of this study, we solely defer to EMM in order to check the validity of the MRF results.
In this work, we provide the essentials of the MRF theoretical structure, as applied to the H α Hamiltonian. The EMM theory is not discussed. Only the numerical bounds are quoted in the Tables. This work validates the relevancy of MRF theory in the computation of complex eigenenergies, for the class of problems referenced above.
Both the MRF and EMM methods are dependent on a moments' representation for the given system. This in turn is readily realizable for any (multidimensional) rational fraction potential.
Any moment based analysis is inherently multiscale in nature. That is, as the number of moments used increases, one is probing the system at successively smaller scales. Consistent with this, the MRF basis representation, particularly within configuration space, has important ties with (complex) turning point quantization (Handy et al (2000) ), and wavelet analysis (Handy and Brooks (2001) ).
We outline the basic MRF theory and its implementation, in the next section. The last section contains a detailed enumeration, and illustration, of the MRF results, which make precise the qualitative spectral structure conjectured by Delabaere and Trinh.
II. THE MRF REPRESENTATION

A. The Moment Equation
The starting point for the MRF analysis is the transformation of the Schrodinger equation into the Fourier representation, assuming that one is working with the physical, L 2 , solutions.
Thus, for the configuration space Schrodinger equation studied by Delabaere and Trinh
its Fourier transform counterpart is (i.e.
whereΨ
It is important to note that, for the physical solutions, a simple application of WKB analysis (Bender and Boettcher (1998) ) tells us that the asymptotic behavior of the configuration space representation yields an entire Fourier transform. Because of this, the k-power series expansion is absolutely convergent, and defined in terms of the power moments:
where
define the Hamburger power moments.
We can generate the recursion relation for the µ p 's from the standard power series expansion methods for linear differential equations (Bender and Orszag (1978) ). Alternatively, we can apply +∞ −∞ dx x p to both sides of Eq.(1), combined with integration by parts, and obtain the necessary Moment Equation:
for p ≥ 0. This corresponds to a homogeneous, linear, finite difference equation, of effective order 1 + m s = 3, since specification of the independent moments {µ 0 , µ 1 , µ 2 }, plus the (complex) energy parameter, E, generates all of the remaining moments. The independent moments are referred to as the missing moments.
The linear dependence of the moments, on the missing moments, can be expressed through the relation
where the energy dependent coefficients satisfy the moment equation, with respect to the p-index, as well as the initial conditions
B. Defining an Analytic Basis in the Fourier Space
The physical solutions in the Fourier representation must also be L 2 . One would like to find an appropriate basis into which to transform the Fourier power series expansion:
The easiest choice, leading to a rapid, analytic generation of the a j coefficients, is to take
whereR is some arbitrary "reference" function yielding a complete (if not orthogonal) basis.
is analytic, then one can generate the a j 's by expandingΨ
. In particular, we can takeR(k) = e −βk 2 , where β > 0, and otherwise arbitrary, yielding
It is then clear that the a j 's will become linear in the missing moments,
Specifically,
or
for j ≥ 0. Clearly, the maximum (Hamburger) moment order generated, P max , determines the maximum order of a j 's generated, 0 ≤ j ≤ P max .
C. The MRF Quantization Prescription
It has been argued by Tymczak et al (1998a,b) that the convergent zeroes of the coefficient
converge to the exact discrete state energies:
The above root equation must be adapted to the, 1+m s , linear, missing moment structure of the Hamiltonian in question. Thus, to any expansion order J, we impose that the last 1 + m s , a j -coefficients be zero (i.e. a J−ℓ = 0, for 0 ≤ ℓ ≤ m s ). This results in a 1 + m s = 3 dimensional, determinantal equation for the energy:
and
for 0 ≤ ℓ 1 , ℓ 2 ≤ m s = 2. In the Tables, the P max parameter corresponds to J ≡ P max .
III. NUMERICAL IMPLEMENTATION OF MRF
The MRF analysis is implemented for β = .5. This value of the arbitrary parameter generates the fastest converging results.
In Figure I we plot the PT -symmetry breaking solutions (Im(E) = 0), and the PTsymmetry invariant solutions (Im(E) = 0), for moderate α values at the limits of Delabaere and Trinh's asymptotic analysis. There are four branches depicted. In Tables I-IV ). For this reason, in some cases the MRF estimates (computed at J ≤ 50) lie outside of the EMM bounds. However, for some of the EMM bounds, numerical instability concerns required that P (S) max < 30 (these were computed on a standard, double precision, IBM platform). Such cases are relatively few in number, and are explicitly identified. By working at a larger precision order, the corresponding bounds can be improved.
It will also be noted that for α = 0, we quote the EMM bounds generated at higher
Stieltjes moment order (P (S)
max ≤ 60), given in the work by Handy (2001a) . These bounds are very consistent with the corresponding entries in Tables V-VI. In Tables V and VI we quote the MRF results, for J = 100 (using CRAY-double precision). Only the stable digits are given (that is, Tables V and VI correspond to the (empirically determined) stable digits within the MRF generated sequence, for 0 ≤ J ≤ 100).
The results are consistent, that is, the MRF results in Tables I-IV, for the most part, lie within the bounds. This is definitely the case for Tables V -VI. Note that in the Tables we quote the imaginary parts of the energy as ±, this is because we cannot tell which PT -invariant branch continues into the PT -breaking branch. For PT invariant Hamiltonians, complex energies come in conjugate pairs. Thus, if E is a solution, so too is E * .
In Figures II -III we narrow in on the smaller of the two critical α values, α cr 1,2 , as shown in Fig. I . At these critical points, the energy goes from being real (PT -invariant solutions) to complex (PT -breaking solutions). They are:
corresponding to E cr 1 = 1.28277353562; and
corresponding to E cr 2 = 4.181388093. 
TABLES
-5.0 ( 1.3433409, ± 2.9073602) 1.343311 1 < E R < 1.343354 1 , 2.9073 1 < E I < 2.9075 1 -4.5 ( 1.2992519, ± 2.3124924) 1.299242 < E R < 1.299252, 2.3124 < E I < 2.3126 -4.0 ( 1.2486637, ± 1.7617076) 1.248637 < E R < 1.248666, 1.761688 < E I < 1.761742 -3.5 ( 1.2124399, ± 1.2609114) 1.212421 < E R < 1.212448, 1.26088 < E I < 1.26094 -3.0 ( 1.2258438, ± 0.7600296) 1.225837 < E R < 1.225864, .76000 < E I < .76004 
-5.0 ( 1.3433409, ± 2.9073602) 1.343311 1 < E R < 1.343354 1 , 2.9073 1 < E I < 2.9075 1 -4.5 ( 1.2992519, ± 2.3124924) 1.299243 < E R < 1.299252, 2.3124 < E I < 2.3126 -4.0 ( 1.2486637, ± 1.7617076) 1.248637 < E R < 1.248666, 1.761688 < E I < 1.761742 -3.5 ( 1.2124399, ± 1.2609114) 1.212421 < E R < 1.212448, 1.26088 < E I < 1.26094 -3.0 ( 1.2258438, ± 0.7600296) 1.225837 < E R < 1.225864, .76000 < E I < .76004 -2.5 ( 1.6859358, 0 ) 1.68597765 2 < E < 1.68598087 2 -2.0 ( 2.2922626, 0 ) 2.29229055 < E < 2.29229333 -1.5 ( 2.7425268, 0 ) 2.74252667 < E < 2.74253034 -1.0 ( 3.1797220, 0 ) 3.17971312 < E < 3.17971750 -.5 ( 3.6320373, 0 ) 3.63207237 < E < 3.63207767
.0 ( 4.1091279, 0 ) 4.10922704 < E < 4.10923558 4.109228752806 3 < E < 4. 
IV. CONCLUSION
We have confirmed the asymptotic analysis prediction of Delabaerre and Trinh (DT) on the existence of symmetry breaking solutions for the H α Hamiltonian. Our methods enable the precise analysis of the complex-real spectra, particularly for moderate α values at the limits of their (DT) asymptotic validity. The results of both an eigenenergy estimation method (MRF) and an eigenenergy bounding method (EMM) were presented. The algebraic simplicity, and ease of computational implementability, of the MRF method recommend it highly for application to similar problems. Through the use of readily available algebraic programming software, the MRF approach can be extended to arbitrary precision (indeed, Tymczak et al (1998b) were able to generate the quartic anharmonic oscillator ground state energy to more than 250 decimal places), making it a very powerful tool in these types of investigations.
